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Abstract 

The Maxwell-covariant particle model is formulated in tensorial extended D = 4 space- 
time (x^, Zfj,i,) parametrized by ten-dimensional coset of = 4 Maxwell group, with added 
auxiliary Weyl spinors A^, y"- We provide the Hamiltonian quantization of the model 
and demonstrate that first class constraints modify the known equations obtained for 
massless higher spin fields in flat tensorial space-time. We obtain the Maxwell-covariant 
field equations for new infinite dimensional spin multiplets. The component fields assigned 
to different spin values are linked by couplings proportional to rescaled electromagnetic 
coupling constant e = em, where m is the mass-like parameter introduced in our model. 
We discuss briefly the geometry of our tensorial space-time with constant torsion and its 
relation with the presence of constant electromagnetic background. 
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1 Introduction 



The development in higher spin (HS) theories shows the importance of dynamics in generahzed 
spaces with supplemented additional tensorial coordinates (see e.g. [HElEllllEliniE])- In 
particular, in D = 4 the massless free HS fields can be derived from the quantization of the 
spinorial particle model on fiat tensorial space, described by D = 4 Minkowski space extended 
by six tensorial coordinates [H O H] generated by the tensorial central charges. We would like to 
point out that six tensorial Abelian charges are supplemented as well if we enlarge the Poincare 
algebra to the Maxwell algebra [HI El HDl [HI [El [13] . The corresponding Maxwell tensorial space- 
time, generated by fourmomenta and six additional tensorial charges, is endowed in tensorial 
sector with constant torsion proportional to electromagnetic coupling constant e. The aim of 
this paper is to consider the spinorial particle model in ten-dimensional D = 4 tensorial space- 
time with torsion described by the coset of D = 4 Maxwell group. It follows that the additional 
tensorial coordinates can be linked with the spin degrees of freedom, and the model after first 
quantization will describe linear equations for coupled infinite-component HS field multiplets 
(Maxwell HS fields). 

The Maxwell algebra [8l [9] is obtained as the following enlargement of the Poincare algebra 
with generators {P^^, Maj3, M^j^) by six Abelian tensorial charges Zap = Zjsa, = (Zq,^)"''0 

I ■ f - \ 

[Paa, Pi3$] =2ie [t^pZali + tapZ^^) , 
[Zap-, Z^fs] = [ZajB-, Z^Ij] = [Za(3, -P77] = , 

where 

[Map, -P77] = —iej{aPf3)j , -P77] ^ ~'^^{aP'y$) 5 

[Ma0, Z^s] = i {ea^Zps + epsZa-y) , [^Q,/3, Z^^] = i {ea-yZi^^ + e^^^Za-y) , [Mal3, Z^^] = (j 

and Map = M^a, M^^ = (Mq,^)"*" describe the Lorentz algebra generators 

[Map, M^s] = i {ea^Mps + epsMa^) , [M^^, Z-^] = % {ea^M^^ + e^^M^^) , [Map, M-^] = 0. 

(1.3) 

The quantity e in (11.11) is the dimensionless electromagnetic coupling constant. 

One can introduce Maurer-Cartan (MC) one- forms (w^^, w"^), ^"(^i)) on ten-dimensional 
coset {M. is the Maxwell group) which defines D = 4 proper Maxwell group JHq 

" 0(3,1) ^ ' 



1.2) 



^We shall consider in this paper the case D = 4 and use two-spinor notation, i.e. P^^ — f^^Pp, Zap — 
<pZ^,, = i^'^^Zf,,, where (a^)„<i = (l2,c?)ad, (a'')"" = e^'^e^^Ca^)^^ = (b,-^)"", a'"^ = ia^f^a^l 
(T^"^ — io-I^cr'^l cr^l^ = epj{a^^'')a'^ , tr^^ — e^^(CT^'')^Q. Always in this paper we use weight coefficient in 

(anti)symnietrization, i.e. — i {A^Bp + ApBa), A^^^Bp] = \ {A^Bp — ApBa). 

^In (jl.ip we do not introduce any dimensionfull parameter, i.e. we assume that the mass dimension of 
Zap, Z^p is 2 (twice of mass dimension of Pap)- We stress that one can introduce any mass dimensionality 
[Zap] — [Zap] of tensorial generators by introducing suitable dimensionfull constant in If we assume 

[Zap] — [Z^p] = 1 we get the case of tensorial coordinates with dimensionalities as in [U [H [31 |H [SJ IHl [7] ; if 
[Zap] = [Zap] = such form of Maxwell algebra was considered in |T4j [151 [IS]. In Sect. 1-3 below we shall use 
only the parameterless form ()l.mi.3p of Maxwell algebra. The consequences of introducing various dimensionfull 
parameters in (jl.ip for the basic equations derived in this paper we shall consider in Appendix. 
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By analogy with the constant torsion in = 1 Wess-Zumino superspace, the tensorial Maxwell 
space-time described by proper Maxwell group (11 ■4p is endowed with constant torsion. 

The simplest Maxwell generalization of standard relativistic D = 4 particle model was 
considered in pT], where it was extended to ten-dimensional tensorial space-time manifold 
f ll.4p . It was shown in [l7j that after first quantization such a model presents in Lorentz- 
covariant way the D = 4 particle interacting with electromagnetic (EM) field characterized by 
a constant field strength (so-called Landau orbit problem). In this paper we shall generalize 
the D = 4 spinorial particle model defined on flat tensorial space-time with supplemented Weyl 
spinor variable introduced in [H Ej H] . Let us recall that the spinorial massless D = 4 N = 1 
superparticle model was firstly described by the following SUSY-invariant action, proposed by 
Shirafuji [E] 

^N-isusY _ J X^X^Qj'^^^ ^ (1-5) 

where the one-form is derived from the superalgebra {Qa, 0^} = 27^^ and A^, = {Xa)~^ 
is an auxiliary two-component Weyl spinor. Below we shall consider the Maxwell counterpart 
of Shirafuji model, which by observing the correspondence (^QayQ^', ^a/sj ^ ^'^P' 

and u'^y-^ o w"^^ j we define as follows 

Max _ / \ 0/3 , \ . \ .,T,°/3 



S''^-^ = J (^aA,A;3C^°|) + aA^A^u;^ j . (1.6) 

Because the tensorial coordinates (z"'^,^"'') and one forms (u'^^s^ju'^^)) have mass dimen- 
sionality equal to —2 ([2;"^] = [z°'^] = [w"^^] = [w^^] = —2; see footnote 2) if as usual we 

assign [A"] = [A"] = |, we obtain that [a] = 1. By fixing global U{1) phase transformations 
Xa = e'^'^Xa, Xa = e~*'^Ao, which commute with Lorentz SL{2; C) transformations, the complex 
parameter a can be made real (a = a = m) and introduces in the model a mass-like parameter 
m. 

It will be shown (see Sect. 3) that m is not providing standard notion of mass for particular 
HS field components; its presence will be seen in the terms describing couplings between D = 4 
HS fields with different spins. Further, in order to obtain in our model nontrivial "conformal 
limit" m — )■ we shall add to the action (II. 6p the action (ll.Sp with CP^ (commuting Poincare 
momenta) replaced however by the noncommuting Maxwell momenta from (11. ip . 

In order to perform effectively the quantization which provides the HS field equations in 
our Maxwell tensorial space X = (a;"", z"'', ^°^) we shall also add to the action (II. 6p the free 
kinetic term linear in time derivatives of Xa, Aq,|1 

We recall that the D = 4 massless conformal fields were obtained as describing first quanti- 
zation of particle model in flat tensorial space X = ( with additional two-tensor 
coordinates z'^^={z°'^, z°'^) generated by the tensorial central charges appearing in generalized 
D = 4 Poincare superalgebra0 Further there was considered the derivation of HS fields in 
D = 4 AdS by quantization of the particle model on tensorial superspace described by the 



^ Such terms in generalized Shirafuji model in D = 4 tensorial space obtained by adding to Poincare algebra 
the tensorial central charges was proposed by Vasiliev f4|. 

^ Firstly such tensorial supercharges were postulated in D — 11 superalgebra what led to the notion of 
M-algebra [ISlEOlET]. 
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group manifold Sp{4) [31 El E]- In our model with Maxwell symmetries the particle action be- 
sides electromagnetic coupling constant e contains the nongeometric mass parameter m, what 
implies that the Maxwell-invariant HS dynamics is nonconformal. We shall present below such 
dynamics, what should help to arrive at the physical interpretation of tensorial coordinates z"^, 
parametrizing the Maxwell group manifold. 

In Sect. 2 we shall perform the canonical quantization of the model (11. 6p with supplemented 
kinetic term for A°, A"Jfl By using the phase space formulation we shall specify the set of first 
and second class constraints. It appears that in first quantized theory the first class constraints 
will describe the set of field equations for new higher spin multiplets in the tensorial space 
X = (x"", z"^, z"^) which define new HS Maxwell dynamics. Such equations will describe the 
generalization of the known "unfolded equations" [21 HI [5l [7] for massless HS free fields with 
flat space-time derivatives replaced by the Maxwell-covariant derivatives -Dq,^. Important 
property of our particle model is that the Casimirs of Maxwell algebra [9l [11] 

Pa^P'"^ + 4e(M„^Z"^ + M^^Z"^^ , (1.7) 
C3*^- = Z.^Z°^ (1.8) 
2^a/3^a/3p^.p^ . _ i (^z-^s^^^ ^ Z'^'Z.^ P^^P^^ (1.9) 

+ 2e (^Z^'Z.s - Z^'Z.^) {z^^M^p - Z^m.^^ 

will vanish as a consequence of first class constraints. It follows from (I1.7P that for vanishing 
value of Cf^""^ the formula for D = 4 mass square = ^ PapP"^^ is linear in Lorentz generators 
describing relativistic angular momenta, what suggests some link with the known mass formulae 
for Regge trajectoriesj^ 

In Sect. 3 we shall describe the new linear set of field equations for space-time fields describ- 
ing the infinite-dimensional nonconformal Maxwell-HS multiplets. Similarly like in SUSY- 
covariant field theory one uses superspace and the covariant odd derivatives Da, Da, the 
Maxwell-covariant formulation is given by extended tensorial space-time X = (x^, Zfj_^) and 
Maxwell-covariant space-time derivatives D^. If we expand the fields on Maxwell tensorial 
space into D = 4 HS fields with arbitrary Lorentz spins, in comparison with known equations 
for decoupled free massless conformal HS fields we obtain the equations with new space-time- 
dependent terms, which link fields with different values of the Lorentz spins (ji,j2)- We shall 
also show that the second order equations, generalizing the Klein-Gordon equation for the 
corresponding scalar Maxwell-HS fields can be described by the bilinear Casimir (II. 7p with 
Maxwell algebra generators {Pap, Map, M^i^, Zap, Z^^) suitably realized in ten-dimensional ten- 
sorial space X describing the generalization of -D = 4 space-time. 

We recall that at present there was considered the quantization of spinorial particle model 
of Shirafuji type on two D = A tensorial manifolds: the flat one, described by i?^" [D [21 [5], 
and described by the group manifold 5*^(4) [21 131 [H 13 |6l [7] . Because both tensorial manifolds 
can be described by the same coset Sp{^) /[GL{A) ^Kiq] {Kiq is ten-dimensional Abelian group 
of generalized conformal translations) [5], they provide two different choices of coordinates 

^ The additional kinetic term linear in time derivatives, more proper for spinorial degrees of freedom, was 
used in [m Him. 

® The idea of linking D = 2 Maxwell algebra with Regge trajectories in two-dimensional stringy field theory 
was firstly suggested by D. Soroka and V. Soroka [24] , 
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on the same manifold, and consequently corresponding free particle models have the same 
massless spectrum of free conformal HS particles. At present it is not clear if there is a way of 
"diagonalizing" the interacting Maxwell HS multiplets, and the question of their mass spectrum 
is the problem for further investigation. Subsequently at the end of Sect. 3 we show that 
the torsion of Maxwell space-time can be interpreted as describing the coupling to Abelian 
gauge potential. Finally in Appendix we shall consider a general scale reparametrization of the 
basic algebraic relation (II. ip . modifying the "canonical" dimensionality [Za^] = \Z^^ = 2 and 
introducing additional, more geometric mass-like parameter M. 

2 Maxwell- CO variant spinorial particle model and 
its formulation in generalized phase space 

2.1 Covariant Maurer-Cartan one- forms 

Taking exponential parametrization (11. 4p and using algebraic relations (11.10 . (II. 2p we obtain 

Mo'dMo = I [uj^^P^p + + uj^'^Z.p) , (2.1) 

where the Maurer-Cartan one-forms are 



o;"/^ = dz'^^ + e x("^cix^^ , = dz'^^ + e x^^^dx^^ . 

The dual Maxwell-covariant derivatives Da={D^^, D^^, P'ap) ^"^^ given by the formulae 

d ^ d A. d 



(2.2) 



Dr.R = -"i { - — t: +ex\- +ex' 



"'^ \dx^^ Pdz^-i "dz^y' ^2 3) 

n - _ n - 

The relations (12. 3p defines by means of the formula [DaiDb] = Ta,b^Dc the nonvanishing 
torsion in Maxwell tensorial space-time (x^, z^^) 

T/.,/'' = (2-4) 

The one-forms (12. 2p and vector fields (12. 3p are invariant under the space-time (parameters a"'^) 
and tensorial Maxwell translations (parameters 6"^, 6"^) 

(2.5) 

and are covariant under the Lorentz transformations (parameters £°^) 

dx"^ =t^xt^+r^x^^, bz'^^ = 2t^z<^^, 5z^^ = 2Fh^. (2.6) 
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2.2 Particle action and constraints 



We shall consider the following Maxwell-invariant particle action 



S 



XaXpio"^ + m(^X^XpUj'"^ + X^Xl^oo"^^ . (2.7) 



From action (12. 7p follows a complicated structure of the constrains with four first class con- 
straints. Similarly as in the previous HS particle models in tensorial space-time [H |2], the 
appearance of the second class constraints ^ 0, ^ makes the quantization difficult. It is 
useful to convert these constraints into the first class constraints what is achieved by adding four 
additional degrees of freedom and new four gauge symmetries [2] . Effectively, as shown in 
such conversion is produced by adding to the action (12. 7p the term with additional coordinates 

(2/",r) 

Sx= [dr (X^r + Aaf ) . (2.8) 



As a result, the constraints p° ~ 0, p° ~ do not appear and y", |/" play the role of canonical 
variables conjugate to A^, A^. 

Thus, we consider in this paper the model defined by the Lagrangian 

L = A,A^ i"'^ + mA,A;3 (^i"'^ + e + mA^A^ (^1"^ + e x^^i^) + A„y" + A^^" , (2.9) 

which describes the particle motion in generalized coordinate space (x"'^, 2;°^, z"^, |/", |/"). The 
definitions of corresponding momenta (p^^, fai3, fap^ ^a, Aq) lead to the following constraints in 
the model 

T.p ^ Pa0 + eU,xl + ef^.xi-X^X^^O, (2.10) 

Tap = /a/3 - mA„A^ ^ , (2.11) 

^ 4^-mA^A^^O. (2.12) 

It is easy to see that after insertion of (12. lip . (I2.12p in (I2.10p we obtain the covariantization of 
the constraints leading to unfolded equations for HS fields [21 H] 

= ^./3 - A.A, , (2.13) 

where 

Daf) = Pa/3 + e Xjpay + 6 xlp^- , (2. 14) 

is the classical counterpart of the Maxwell-covariant derivative. 

The only nonvanishing Poisson brackets (PB) of the constraints (I2.10p - (l2.12p are 

{Taa,Tf^p} = 2e (e^^/a/3 + (^a^fai^) ~ 2e m (e^^AoA;3 + ea^XaX^) . (2.15) 



We omit below the consideration of the constraints — ?/" « 0, — ~ and Pya ~ 0, Pya ~ 0. After 
introducing for them Dirac brackets the variables (Aq, Aq,) become the momenta of (y", y"). The tensorial part of 
the phase space (x"^, z"^ , z""^ ,p^p, fap, J^^) is supplemented by auxiliary spinorial phase space {y",y", Aq, Aq-) 
with the canonical Poisson brackets {^"jA/j}^ = (5^, {y",A^}p = i5^. After quantization these two parts of 
generalized phase space commute. 
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Therefore, the constraints (12. lip . (12.1 2p are first class and imply that the tensorial coordinates 
{z°'^,z°'^) are becoming pure gauge degrees of freedom whereas the constraints (I2.10p are the 
superposition of two first class and two second class constraints. 

We stress that such structure is not present in the particle model describing the standard 
free massless HS particles [21 H] , where the counterparts of the constraints (I2.10p are first class. 
Only in limit e — > the model (12. 9 p yield the standard action [21 H] of higher spin particle. 

For extracting second class constraints from (I2.10p we shall use second Weyl spinor Ua, as 
was proposed in [2J • Such auxiliary spinor satisfies the condition A"Mq, = 1 and has nonvanishing 
PB {ua,y'^}p = UaU^ (see details in [2j). Then, considering PB of the projections 

^AA = ^°'Taa^'^ , Txu = ^'^TaaU°' , = u'^T^aX'^ , T^^ = u'^TaaU'^ , (2-16) 

we obtain that the unique nonvanishing PB following from (I2.15P is 

{Txu + T^-x,T^u}p=^em. (2.17) 

Therefore the constraints (Txu + T^xy Tuu) are second class constraints, whereas (Txu — T^xy ^aa) 
are first class. 

We introduce now the conversion of the pair of second class constraints into third first class 
constraint by considering the equation T^u as gauge fixing condition for the constraint 
Txu + T^x ~ generating new gauge degree of freedom. Then, we shall consider further the 
constraints (I2.10p as described by three first class constraints Txu ~ 0, T^x ~ 0) ^aa ~ 0- Let 
us observe, however, that these constraints are equivalent to the projections of the constraints 
(I2.10p on the Weyl spinor components A", A". Thus, the equivalent system, which we will 
quantize, is described by the phase space variables with nonvanishing PB 

= ^1^% {^"^ U}, = , {z^^, = 4"5f , (2.18) 

{y",A4, = 5^, {r,A4, = 5J (2.19) 
and the following first class constraints 

^ T^fX^ = (p^^ + e A^ ^ D^fX^ ^ , (2.20) 

Sa = X^Tp^ = X" (ppa + e U^xfj ^ X^Dp^ ^ , (2.21) 

T„/3 = fa^-mXaXp^O, (2.22) 

Tap = h^-mX^Xp^O. (2.23) 

Because 

A"5„ ^ X'^Sa (2.24) 

the four relations (I2.20p . (I2.2ip describe only three independent first class constraints. 

It is useful to make some comment about projections in (I2.20p . (I2.2ip . By performing these 
projections we omit the contribution in first class constraints which does not depend on spinor 
variables and describes the field equation for spin zero case. Such contribution is present in the 
following quadratic first class constraint 

T = T aT"^ ^ . (2.25) 
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Indeed, using A"Mq, = A^Mq, = 1 we obtain T = T^^Tuu — TxuT^^x ~ because after conversion 
the constraints Txu ~ 0, T„x ~ 0; ^aa ~ of first class. We add that the constraint fl2.25p 
will provide the Maxwell extension of massless Klein-Gordon (KG) equation satisfied by the 
free conformal HS fields. 

2.3 Noether charges and the Casimirs 

In order to interprete the role of the first class constraints (I2.20p -( l2.23p . (I2.25P in our model we 
will find the Noether currents, generated by the Maxwell generators {P^^, Zai3, Z^^, Ma/s, M^/j) 
in generalized coordinate space {x"'^ , z'^^ , z°''^ ,y'^,y'^). Using the transformations (12. Sp . (12. 6 p 
andl^l 

Sy'' = r%, 5r = ^""%, 5A, = -4/3A^ S\^ = -£.f\^ (2.26) 
we obtain the following dynamical phase space realization of Maxwell algebra generators 

Zal3 = -fal3 , Z = -f^^ , 

(2.27) 

M„/3 = xj^p^)^ + 2zJJp)^ + y^aX,3) , 

Using the expressions (I2.27P we find that the Casimirs (I1.7P , (ll.Sp , (11.90 of Maxwell algebra 
are expressed as follows in terms of the first class constraints (I2.20p - (l2.22p . (12.250 : 

(jMax ^ T„^T°^ + 2A°5« , 

The numerical eigenvalues of Casimirs (I2.28P characterize the choice of infinite-dimensional 
Maxwell-HS irreducible field multiplets. It appears from the quantization of our Maxwell- 
Shirafuji model that we obtain the Maxwell-HS realizations corresponding to all four eigenvalues 
of Casimirs (I2.28P equal to zero. 

3 First quantization of the particle model and interact- 
ing HS fields 

3.1 HS field equations from first class constraints 

We consider the Schrodinger representation in which the wave function depends on the gener- 
alized coordinates 

$ = $(x"^,;z"^z"^?/",r) (3.1) 
and the generalized quantized momenta are realized by the partial derivatives 

Pap = = -^d^p > U = = , hp = = -^d^p , (3.2) 



^The spinors Aq, are inert with respect to space-time and Maxwell translations. 
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d - d ^ 

K = -^TT-Z = -T'da , K = -^77— = -iOa ■ (3.3) 

ay" oy'^ 
The Maxwell-covariant momenta D^^ (see fl2.14p ) after quantization satisfy the relation 

Dpf^] =2ie {e^^faf} + ^apf^fi) (3.4) 

and in Schrodinger reahzation describe the Maxwell-covariant derivative. Physical field equa- 
tions are defined by the quantum counterpart of first class constraints (I2.20p - fl2.22p : 

iD^^d^^ = (^d^^ + ed^,xljd^^ = 0, (3.5) 

iD^^d^<!> = (dp^ + ed^^xi^d^<i> = 0, (3.6) 

(do,^ + tmdadp^ $ = , (d^^ + imdj^^ $ = . (3.7) 

Let us use the Taylor expansion of the wave function $ with respect to the variables z = z"^ 
and z = Then the constraints (13.70 for the wave function 



<^>(x,z,z,y,y)= V . ■ , ■ , ix,y,y) (3.8) 

k,n=0 

provide the expression of all components ^f^'^'"), > 0, n > by ^C'^) as follows: 

= H^r^'d^.d,, ...d^,d,, 4.9,^ ^^'''\x,y,y) . (3.9) 

The formulae ( 13. 9p can be written down as the solutions of eqs. ( 13. 7p by one compact formula 

^x,z,z,y,y) = e-^'"(""'^"^'3+^"'''^'^^/^)$(0'0)(x,i/,y) , (3.10) 

what confirms the auxiliary gauge nature of the tensorial coordinates z^'^ = [z°'^,z°'^). 

Let us analyze the remaining equations ( 13. Sp . ( 13. 6p for the unique unconstrained component 
$*^°'°''(x, y, y) of the wave function (13. 8p . We perform the following subsequent Taylor expansion 

^''''\x.y.y) = E ^r^--r^f'---f"<P'::l,,...,S-) > (3.11) 



k,n=0 



where (t!)*-'^'"^ . (x) are the D = A space-time Maxwell-HS fields. 

^ cn...afc ,9i.../3„ ^ ' 

Note, that in limit e — )■ the equations ( 13. 5p . ( 13. 6 p yield massless Dirac-Pauli-Fierz equations 
for massless conformal HS fields with arbitrary helicity 

e = 0: a"i7 0(M) ^ ,(x) = 0, a^^^^^'^'") , ,(x) = 0. (3.12) 

If e 7^ we obtain the generalization of these equations. 

Now we list the equations for Maxwell-HS fields which are the consequence of (13. 5p . ( 13. 6p : 
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Using two-spinor identities = d^da = we obtain the equation 

(9""(9«4<l> = (3.13) 

which gives the generahzed Lorentz divergence conditions for the component fields in 
dSTID 

^°^'^C'l......„(-) = 0' ^'-^1- (3-14) 

For n = = 1 we obtain the standard Lorentz condition for the four-vector field. 

We obtain also the equations 

d^^d^dp^ = dtd^d^^ (3.15) 
which lead to the following set of equations 

for the component fields. In particular for antisymmetric 2-tensors described by Lorentz 
spins (2, 0) + (0, 2) we have the following equation 

After inserting of (13. lip the equations (13.51) . (13. 6 p produce the following equations for 
component fields 

(/.('-"^ , , =iema;"^'^"+^0^''"+'), « « , k>l; (3.18) 

Pn+l ai---afcPi---Pn ^ ai...Ofe /3i.../3„+i/3„+2 ~ ^ ' 

which are the Maxwell-invariant generalizations of Dirac-Pauli-Fierz equations. 
The last constraint (I2.25P takes in first-quantized theory the following form 

-daad""" - 2id''"dJa + 2iem (^x^^ d^^^d^^dp + 9"°4<9^) - 2e^m^ ^ $ = . 

(3.20) 

However, from (13. 5p . (13. 6p and (I3.15P follows the equations 

ixl d^'^d^dp $ = ixi d^^d^d^ $ = em $ . (3.21) 

Using the relations (I3.2ip and (I3.13P we can reduce the constraint (I3.20p to the following 
form 

-daad""^ + 2e^m'^ ^ ] $ = . (3.22) 

The equation (I3.22p provides the following infinite set of component field equations 

, 2eWa;"^+i'^"+ia;'^^+2'^"+^0('+''"+') , , , (3.23) 

which are Maxwell-invariant generalization of massless Klein-Gordon equations. One can 
demonstrate that the Maxwell-Klein-Gordon equations (I3.23P for all component fields 
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(j){k,n) ^ except can be derived from the Maxwell-Dirac equations f l3.18p . fl3.19p . Single 

additional equation for the component fields following from (13.231) is the Maxwell-Klein- 
Gordon equation for the scalar field cj)'^'^'^^: 

d^W^. = 2e^m^ x^i^i 0^^'^^ , , . (3.24) 

' ' aia2 P1P2 

In order to specify in our model the irreducible Maxwell-HS multiplets let us represent down 
the Maxwell algebra generators (I2.27P in terms of realizations (13. 2p . (13. 3p . We obtain that the 
infinitesimal Maxwell symmetry transformations are the following 



p ■ ■ 


6pq 


^{k,n) _ 


Zaji '■ 




i^{k,n) _ 


Za$ '■ 


hi 


^{k,n) _ 


Map,M., : 


5m< 


i(k,n) 
r a--- a ~ 



J-f^l^ ... T OKI 1 LI U^ip^i^,^^ T I'KllOU U^I^J 



-iem 

^ ■■■ap ' 



(3.25) 



From the relations (I3.25P follows that one can construct the infinite-dimensional Maxwell- 
HS multiplets with minimal Lorentz spin (|, |) described by the field (j)^^''^\x) if we supplement 
the infinite chain of component fields ^C^+^p.^+s^-) (^^.^ where p = 0,1,2,..., r = 0,1,2,.... One 
can observe that 

i) There are two infinite sets (bosonic and fermionic) of infinite-dimensional fields: with integer 

spins s = ^{k + n) + p + r {k + n even) and with half-integer spins {k + n odd). 

ii) The field equations relating the components 0('^+2P'"+2»') j^^;^ ^re given by the Maxwell- Weyl 

equations (I3.18p . (I3.19P and supplementary equations (13.161) : only for spin- zero field 
we should supplement the Maxwell-Klein-Gordon equations (13.241) . In particular, the 
maximal bosonic Maxwell HS multiplet with scalar field (jy^^'^^^x) will contain the link 
between all components with even Lorents spins (ji, j2) = {p,r), and there are two max- 
imal fermionic multiplets: chiral, with Maxwell-Weyl field 0a'°^(x), and the antichiral 
one , with Maxwell-Weyl field (l)^^'^\x) (in Majorana case they are related by the relation 

<p^^''\x) = {<p2''\x)y). 

iii) The equations (I3.16p . (I3.18P and (I3.19P link the fields with different spins {k,n). For k >1 

and n > 1 the table of fields 0*^'^'")(x) can be decomposed into triplet of spins with the 
closed diagram 

{k,n) ^--^-U {k,n + 2) {k + 2,n) {k,n) (3.26) 

where over the double arrows we indicate the field equation which connects different spins. 
For the fields with spins (/c, 0) and (0,n) one can not construct closed sequence of links, 
however one can relate all the bosonic {k + n even) or fermionic {k + n odd) fields of a 
such type (they correspond to self-dual curvatures of higher spin gauge fields). One can 
compose the following two sequences 

(3-18) , , (3.16) 

(A;,0) .'—U ik,2) .'—U (A; + 2,0) 

(3-19) , , (3.16) , ^ \ ■ J 

{0,n) ^ — U {2,n) ^ — U (0,n + 2) 



10 



We recall that the coupling between different spins described in fl3.26p , fl3.27p by double arrows 
is proportional to em; in particular if e — )■ the fields with different spins are decoupled, and 
the equations f l3.18p . fl3.19p describe the Dirac-Pauli-Fierz equations for free HS fields; the 
limit e — )■ of ( ]3.24p describes free Klein-Gordon equation for spinless field. The appearance 
of multiplicative massive parameter m can not be avoided; it could be traced to nonvanishing 
dimensionalities of fourmomenta and the space-time coordinates. In principle one can only 
rearrange the dimensionality [Z^^] of the generators Z^^, but as we show in the Appendix, 
if we consistently remove m in the Lagrangian (12. 9p by assuming that [Z^^] = 1, we will be 
forced to introduce massive parameter M into the Maxwell algebra relations (11. ip as well as in 
Maurer-Cartan one forms (12.20 . 



3.2 HS field equations in dual picture for tensorial coordinates 

We can also consider the Schrodinger representation in which the wave function is related by 
Fourier transform in the tensorial sector 

^ = ^(x"^/«^,^^,l/",r). (3.28) 
The generalized dual momenta variables are realized by the following partial derivatives 

= , = . (3.29) 

The Maxwell-covariant quantum momenta D^^ satisfy the relation 

[Dcca, Dp^] =2ie {e^pfap + ^apf^fi) (3.30) 

and describe the Maxwell-covariant derivative in Schrodinger realization (13.290 . The field equa- 
tions are defined by the quantum counterpart of first class constraints (I2.20p - (l2.22p : 

iD^^df'^! = (9,^ + 2e/„,a:^)a^^ = 0, (3.31) 

tD^^d^^ = (d^^ + ieU^xfjd''^ = 0, (3.32) 

(/a/3 + md^d^'^ ^ = , (/. ^ + m^a^) ^ = . (3.33) 

Let us consider the wave functions with polynomial dependence with respect to y = y°' and 

y = y" 

oo ^ 
k,n=0 

Then the constraints (I3.33P for the wave function (I3.28P lead to expressing of all components 
§(fc,n)^ > 1, n > 1 by and For example. 
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^(3,1) ^ f ^(1,1) ^(1,3) ^ -1 ^(1,1) ^ 

Thus, if m 7^ the fields in the expansion (13.341) are determined by ten-dimensional "gen- 
eralized spin zero" field 

^^'^'\xj,f), (3.35) 



two "generalized spin half" fields 



^(i'°)(a;,/,/), ^f'\x,f,f) (3.36) 



^^:^'\x,f,f). (3.37) 



and "generalized spin one" field 

,(1,1) 

The constraints f l3.33p provide the following constraints for the fields fl3.35p . f l3.36p . fl3.37p : 

r^U¥'''\x, /, /) = , r^hf,¥'''\x, f, /) = , (3.38) 
fj¥;^'\x, f, /) = , f/¥^^'\x, /, /) = , (3.39) 

fJ^%'\x, /, /) = , U^^%'\x, f, /) = . (3.40) 

From the equations (I3.3ip . (I3.32p for the unconstrained component f l3.36p . fl3.37p one obtain 
the relations 

(^0-0 -^e^x^^) {x, f, /) = , [d^^ - i e r 4) /' / ) = ' (3-41 ) 

(^Q-P -,er {x, f, /) = , (d^^ - I e r x^^i (x, /, /) = , (3.42) 

which have the form of the Dirac equations in a constant electromagnetic field, with electro- 
magnetic potential = f^uX"- Contrary to the standard approach for Dirac spin-half field, 
the wave functions in f l3.4ip depend also on continuous electromagnetic field strength coordi- 
nates faj3, fai3- This additional dependence of the wave functions can not be generated only 
by minimal coupling of the external electromagnetic field. We do not see yet the relationship 
of our description of interacting HS fields to the approaches proposed in recent papers [251 126] , 
however it would be interesting to find such a link. 

Generalized spin-zero field ^(°'°)(x, /, /) is described by generalized Klein-Gordon equation, 
which follows from the constraint 

f'^'^faa ^ ^ . (3.43) 

Taking into account that 

T""T„^ = + 2ze (r^^x^ + r^^a;-) 

+ 1 [r^U + r^hp) ^'^^li - 2e'M^^x^''x'^^ (3.44) 
-2 + er^x^ + ef^f^xfj 8^0^, , 

we obtain the generalized Klein-Gordon equation for spin-zero field 

'-n + 2ze(^r^x^p + r^x^)d^^ + le'(^f + py'-2e'U^f.^x^^x^^ = , (3.45) 
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where □ := d°"^daa-, '■= x°'°'Xad, P '■= f'^'^fap-, P '■= P'^fa^- should be emphasized 
that due to the equations (13.421) and the constraints (13.401) the last term in the operator (I3.44p 
does not contribute to the equation (I3.45P and we obtain finally the Klein-Gordon equation in 
constant EM field. 

The solutions of the equations (I3.38p -( l3ll0l) can be represented as the Fourier transforms 

= j d''ze-'^f'+f''^¥'''''\x,z,z) , (3.46) 
§(i'°)(a:,/,/) = y"d^ze~*(^^+^"^")vl/(i.o)(a;,z,z), (3.47) 
^■''\xjj) = jd'ze-'^f^+f~'^¥^''\x,z,z), (3.48) 
^^'f{x,fj) = ld'ze-^^f^+f'^¥;f{x,z,z), (3.49) 

where 

¥'^'^\X,Z,Z) = y -— z"l/3i___^a,& -di/3i___-«„/3„^(2fc2n) . , Ax) , (3.50) 

k,n=0 
oo _ 

¥^''\x,zrz) = y^j^,z-^^K..z'^-^--z-^^\.rz^-f^-ct>f'^'^'''\ . ^^(x), (3.51) 

k,n=0 
oo ^ 

Vl>(0'l)|'^ ^ ~^ _ ^akPk -aiPi d„/3„ - (2fc,2n+l) / x /q p:o\ 

^7 ^^'^'^^ - 2^ A^i^"^ •••'^ ^ V/3i...«feA)(7m/3i...«n/3n)^^^' ^^-^^^ 
A:,n=0 

oo 

¥'f{x,z,-z) = -^z-^^\..z'^^P^ -z-^P\.rz^-f^- ct>f'^'^^^^^^ . ^Ax) (3.53) 

k,n=0 

have polynomial dependence on z, z and the component fields ) symmetric with 

respect to all undotted and dotted spinor indices, as the component fields considered in pre- 
vious subsection. The fields (I3.46p - p.49p have complicated, nonpolynomial dependence on the 
variables /, /. In conclusion, generalized Dirac equations (see (I3.4ip - (l3.42p ) and Klein-Gordon 
equation (13.450 yield nontrivial, nonminimal coupling of these component fields to the constant 
EM field. 



3.3 The link between constant torsion in tensorial sector and 
constant EM field background 

From the equations (13.410 . (13.420 and (I3.45P we see that for the link of different spins there 
is responsible EM coupling described by nonvanishing parameter e. Indeed one can show that 
if the torsion in six tensorial dimensions of Maxwell space-time depends on the D = 4 space- 
time coordinates it can be reinterpreted as a coupling to an Abelian gauge potential. Let us 
introduce the following "block-diagonal" 10-bein i?^^'-^^ = (^62^6^^, E^ir^'^^ , E^^^'^^^ in the tensorial 

space 

= + E^f'\x)V,s + E^p'^\x)V^^ , (3.54) 
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V«/3 = a„/5, V^^ = (9^^. (3.55) 

If we consider the plane wave solutions in additional dimensions, one can replace (see ( 13. 2p ) 
the derivatives f l3.55p by constant tensors /q,^, /^^ describing additional tensorial momenta. In 
such a case the derivative f l3.54p can be written as the Abelian gauge-covariant derivative 

^af^ = daP+Kpi^)^ (3.56) 

where A^i^{x) = E^0^^{x)f^s + E^0'^^{x)f^^. In Maxwell tensorial space additional tensorial 

coordinates are twisted by a constant torsion, the functions E^^'^^^x) and E^^''^{x) are linear 
in X, and we obtain in (13.561) the Abelian gauge field four-potential A^^ describing constant 
electromagnetic field strength (/^^ = {fajsV) 

•^aP ~ fa^-iP + fj^o-i ■ (3.57) 

It can be added that the translations x^p — )■ x^^ + a^p modify fl3.57p by a constant term, which 
can be however compensated by the Abelian gauge transformation of A^p, what leads to the 
translational invariance of covariant derivative fl3.56p 



4 Final remarks 

In this paper we introduced in ten-dimensional tensorial space the Maxwell-invariant spinorial 
particle model with auxiliary spinor variables, which after its first quantization provides the 
generalization of massless conformal HS fields and define the infinite-dimensional Maxwell-HS 
field multiplets. These multiplets of Maxwell HS fields should be further studied, in particular 
their relation with free massless conformal HS fields and the possibility of their derivation from 
an action principle. New multiplets describe particular field-theoretic realizations of Maxwell 
algebra with vanishing four Casimirs Cf^'^^, Cl^'^^, Cg^'^^, (see ^OTM ). We recall that 

the mass-shall condition Cf^""^ = 0, due to the presence in C^^""^ of the term proportional 
to relativistic angular momentum (Mq,^, M^,^), can be possibly linked with the description of 
spin-dependent mass spectrum for Regge trajectories. 

The infinite-dimensional sets of Maxwell-HS field which define the realization T^^'") of 
Maxwell algebra is parametrized by two natural numbers = 0, 1, 2, n = 0, 1, 2, .... These 
numbers describe the minimal value of Lorentz spins (ji=|, j2=f) in the multiplet of fields 
, (fc+2p,ra+2r) / n ^ rp{k,n) ^j-^g^g » = 0, 1, 2, r = 0, 1, 2, .... It follows that the representa- 

^ai...afe+2p/3i...Ai+2r^ ' 

tion T*^'^'") a k > k, n > n respectively for even and for odd values of {k, n), (k, h), is included in 
the bosonic (fermionic) representation T^^'^\ i.e. T*^*^'"-' C T^'^'^\ The largest "master" bosonic 
realization, with component fields having all integer spins s = |(ji + j2), is given by T*^"''^^; two 
maximal chiral and antichiral fermionic realizations, with half-integer spins, are provided by 
Tim and T(O'i). 

By considering the particle model on extended space-time (x^^, z^is, z^^, A^, A^) and its 
quantization we have shown how the field-theoretic realizations of Maxwell algebra in such 
ten-dimensional tensorial space can be used for the introduction of infinite-dimensional D = 4 
Maxwell-HS field multiplets with coupled spin components. The Maxwell-covariant description 

^We thank E. Ivanov for this observation. 
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of D = 4: Maxwell-HS fields requires the presence of space-time-dependent coupling terms 
between different spin fields which can be also interpreted (see fl3.4ip . fl3.42p ) as following from 
the electromagnetic covariantization of space-time derivatives in the presence of constant EM 
background field strength. 

In conclusion we would like to comment that despite the remaining open questions we hope 
that our model provides a step in understanding of yet not well formulated theory of interacting 
HS fields. 
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Appendix: Different dimensionalities of tensorial coordi- 
nates and some consequences 

We can arbitrarily change the mass dimensionality of the generators Zap, and dual tensorial 

coordinates z°'^ , if we introduce in the relation (11.11) a suitable dimensionfuU parameter. 
In general case one can replace f ll.ip as follows 

[P,^, P^^] = 2% eM« (e + e^^Z.^) , (A.l) 

where ^ is a real number, M is a geometric mass parameter ([M] = 1), e is dimensionless 
([e] = 0). The value ^ = was introduced in original Maxwell algebra as electromagnetic 
coupling constant. One gets in rescaled case 

\z-^\ = = [eg*)] = [cDfl)] = -2 + e . (A.2) 

The parameters introduced in (lA.ip will modify the formulae (12. 2p as follows 

After inserting relations (]A.3P in (12. 9p it follows from (]A.2p that dimensionless action requires 
the replacement of m by m^^^. Subsequently we obtain the following modified constraints 

daioD-diiiD 

(A.4) 

(A.5) 
(A.6) 



T ■ 


= Pa$ 




+ A^A^a;2) ^ 


Tap 


= faP 


— m^~^\aXp ~ , 




T ■ 




— m^'^XaXp ~ , 
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where the rescaled dimensionless couphng constant e is given by the formula 

^)\. (A.7) 

m I 



One can check that the constraints flA.4p lead to the basic field equations fl3.18p - fl3.19p and 



fl3.23p with the replacement m — )■ em. One can also reduce the number of parameters by 
putting in f l2.9p m = M. In such a case e = e and the theory contains only one geometric mass 
parameter, determined by the structure constant of the of Maxwell algebra. 
We shall make the following comments: 

i) If ^ = and e 7^ the Maxwell algebra takes its original form [HI |9l Hn] and describes 
the space-time geometry with constant electromagnetic background. We obtain the re- 
lations from Sect. 1-3 with terms in the equations which couple different spins by terms 
proportional to em. 



ii) If ^ = 1 we have the relation em = eM. The equations f lA.Sp . flA.6P are the same as in the 



particle model in [11 [21 HJ [5l [6l [7] providing massless HS free fields, however the eq. f lA.4p 
is modified due to the presence of generalized Maxwell space-time (x^, z^^ with torsion 
proportional to eM. The basic field equations are obtained from fl3.18p . fl3.19p and fl3.23p 
by the replacement m — )■ M, i.e. for ^ = 1 the dynamical mass parameter in our model 
disappears from the constraints flA.4p - flA.6P and is transmuted into the geometric one. 



iii) If ^ = 2 in the Lagrangian (12. 9 p the parameter m is replaced by m^^. Such choice of 
Maxwell algebra generators (for e = 1) was considered recently in [131 [T5l [T6] as the 
algebraic basis for the generalization of Einstein gravity but the corresponding particle 
action (12. 7p is singular in the limit m — 0. 
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